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Abstract: In the footsteps of our previous work [1] we generalize the Stefan-Boltzmann
and Wien’s displacement laws for the AdS5×S
5 spacetime, the background of the AdS/CFT
correspondence foremost realization. Our results take into account the AdS5 × S
5 full
dimensionality in the electromagnetic field Aµ wave equation, which yields the higher-
dimensional blackbody characteristic features suggested in literature. In particular, the
total radiated power and the spectral radiancy match the original Stefan-Boltzmann and
Wien’s displacement laws in the low-energy regime up to available experimental data.
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1 Introduction
The AdS/CFT Correspondence proposed by Maldacena in 1997 relates, in its most no-
table instance, an effective five-dimensional AdS5 gravitational theory (via type IIB string
theory) to a four-dimensional Conformal Field Theory (N = 4 supersymmetric Yang-Mills
theory) on its boundary [2], being the subject of interesting contemporary physical unfold-
ings [3–16].
The duality expressed in this correspondence is the most successful realization of the
Holographic Principle [17–20], which enables to “translate” certain problems in nuclear
and condensed matter physics into more tractable ones in the string theory picture [21–
25]. Albeit the theories involved are not viable models of the real world, they provide
model-building tools for physics beyond the standard model and some of their properties
elucidate important questions, such as the quantum behavior of black holes [26–33].
Anti-de Sitter space is the maximally symmetric Einstein equations solution with neg-
ative (attractive) cosmological constant. In our universe, this constant is certainly not
attractive, yet it can be regard as a long-distance regularization of gravity behavior. AdS5
space notable feature relates to its boundary, which looks locally around each of its points
like our well-known MinkowskiM1,3 spacetime, labeled from now on asM unless otherwise
specified. The five additional “compact” dimensions, S5 subspace, come as a dimensional
requirement for String Theory mathematical consistency.
Blackbody radiation is described by Planck’s law, which implies its radiative features.
In particular, the Stefan-Boltzmann law predicts that the blackbody radiated power is
R(T ) = σ
B
T 4, with σ
B
as the Stefan-Boltzmann constant, while the Wien’s displacement
law relates the blackbody temperature T to the wavelength λm corresponding to the wave-
length radiancy R(T, λ) peak, λm T = 2.897 · 10
−3mK.
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These laws shall depend on the spacetime dimensionality [36, 37], in contrast with
observed data. Our results preserve the well-known blackbody radiation laws in the low-
temperature regime while obtaining the higher-dimensional theoretical relations in the high-
temperature regime, explicitly establishing a connection between the current theoretical
unfoldings and our well-acquainted 4-dimensional experience.
The article is organized as follows. In section 2 we lay the blackbody concept and briefly
introduce our approach. In Section 3 we single the Minkowski slice out of the AdS5 space
and generalize the Stefan-Boltzmann and Wien’s laws for the specific M× S5 scenario.
Similar steps are taken in section 4 towards the full AdS5 × S
5 spacetime generalizations.
In section 5 we set experimental bounds on the AdS5 conformal coordinate, plotting our
main results for these bounds. The final section is devoted to closing remarks and general
comments.
2 The Blackbody and our Approach
A blackbody is defined as a body with a rich energy spectrum, capable of exciting all
frequencies of light by thermalization. As consequence, all blackbodies at the same tem-
perature emit thermal radiation with the same spectrum. For a current review on the
matter, see [38].
The standard textbook blackbody approach consists in taking a small bidimensional
orifice connecting an isothermal enclosure to its outside as a blackbody surface, a more
technical and conceptual discussion on approximating a blackbody for a blackbox is found
in [39, 40].
Here, we look for the electromagnetic wave equation solution which fills the AdS5 ×
S5 spacetime, where boundary conditions are assumed, in order to obtain the radiated
spectrum. The general procedure employed in this work is analogous to that of [1].
The AdS5 × S
5 spacetime metric can be written in the form
ds2 = R2
[
z−2
(
dxµdxµ + dz
2
)
+ dΩ25
]
, (2.1)
and the wave equation to be satisfied by the electromagnetic field Aµ for a generic metric
gab is
(−g)−
1
2 ∂a
[
(−g)
1
2 gab∂bA
µ
]
= 0 , (2.2)
where the a and b indices run through all considered dimensions while we keep the µ indices
for the Lorentzian polarizable ones.
Making use of Bose-Einstein statistical prescription and accounting two helicity states
related to the propagative aspect of the photons associated to the electromagnetic waves,
the blackbody radiation energy density at temperature T is
ρ(T ) =
2
V
∑
i
hνi
ehνi/kT − 1
, (2.3)
where V is taken as the ordinary 3-dimensional volume, since this is our usual framework
and the AdS5 × S
5 metric is scale invariant.
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The spatial boundary conditions determine the photons energy states hνi, and the
energy density is proportional to the radiancy R(T ), the energy rate per unit area, through
a geometric speed-of-light factor,
R(T ) =
c
4
ρ(T ) . (2.4)
3 M×S5 brane scenario
The present M× S5 setup, in which the conformal coordinate z = const, has effective
metric
ds′
2
= dxµdxµ + z
2dΩ25 , (3.1)
which means that the electromagnetic field fulfills
[
∂ν∂ν +
1
z2
∆S5
]
Aµ(x,Θ) = 0 , (3.2)
where ∆Sn is the Laplace-Beltrami operator on S
n with the particular property
[∆Sn + l(l + n− 1)] Yl(Θ) = 0 (3.3)
and Yl(Θ) = Yln···l1(θn, · · · , θ1) are the spherical harmonics in higher dimensions, with
l
.
= ln. Since l5 ≥ l4 ≥ l3 ≥ l2 ≥ |l1| ≥ 0, for each l = 0, 1, 2, ..., one has
dl =
1
4!
(l + 1)(l + 2)(l + 3)(2l + 4) (3.4)
associated degeneracies.
Solution of (3.2) is given by variable separation, Aµ indicates the field polarization,
thus
Aµ(x,Θ) = Aµeik·x Yl(Θ) , (3.5)
from which we obtain, by Dirichlet boundary conditions,
(
2πν
c
)2
=
3∑
i=1
n2i
(
π
Li
)2
+
l(l + 4)
z2
. (3.6)
where Li are the usual three-dimensional coordinate lengths and ni = 0, 1, 2, ...
Since the M spatial and S5 contributions may not be on the same foot, particularly
for z ≪ Li, eq.(2.4) is better written via (2.3) as
R(T ) =
c
2V

∑
l=0
+
∑
l 6=0

 hνil
ehνil/kT − 1
. (3.7)
The first sum is a single one in ni. Taking it by an integral and considering ν0 ≡ ν(ni, 0)
yields
R0(T )
.
=
c
2V
∑
l=0
hν
0
ehν0/kT − 1
=
∫ ∞
0
R0(T, ν0) dν0 (3.8)
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where the spectral radiancy R0(T, ν0) for this range of modes is
R0(T, ν0) =
2πh
c2
ν
0
3
ehν0/kT − 1
. (3.9)
Making the variable change y
0
= hν
0
/kT one integrates (3.9) arriving at
R0(T ) =
2πc
(hc)3
(kT )4
∫ ∞
0
y3
0
ey0 − 1
dy
0
, (3.10)
with the integral expressed by the mathematical identity
∫ ∞
0
xd
ex − 1
dx = Γ(d+ 1) ζ(d + 1) . (3.11)
Taking d = 3 in the above identity, one obtains the ordinary radiancy contribution
R0(T ) = σB T
4 , (3.12)
which is the well-known Stephan-Boltzmann law with
σ
B
=
2π5kc
15
(
k
hc
)3
= 5.67 · 10−8Wm−2K−4 . (3.13)
Now we consider the case l 6= 0 in which both ni and l contribute to the spectral
radiancy. Taking the sum with ν ≡ ν(ni, l), one gets
Rl(T )
.
=
c
2V
∑
l 6=0
dl
hν
ehν/kT − 1
. (3.14)
Note that the dl degeneracies given by eq.(3.4) are related to the frequencies through
eq.(3.6). Considering the mean values of this dispersion relation we get
〈
l(l + 4)
z2
〉 =
1
4
(
2πν
c
)2
, (3.15)
which for high l values allows the substitution dl → dl(ν) with l = πzν/c. Then, taking
the sum by an integral and considering just the dl(ν) leading order contribution one gets
Rl(T ) =
∫ ∞
0
Rl(T, ν) dν , (3.16)
where the corresponding spectral radiancy is given by
Rl(T, ν) =
2
4!
(πzν
c
)4 Ω(4) πz hc
2 c4
ν4
ehν/kT − 1
, (3.17)
and Ω(d) = 2π
d/2/Γ(d/2) is the solid angle in a d-dimensional space.
Through the variable change y = hν/kT one gets
Rl(T ) =
Ω(4)
3
hc (πz)5
8 c8
(
kT
h
)9 ∫ ∞
0
y8
ey − 1
dy , (3.18)
– 4 –
and using (3.11) the radiancy contribution Rl(T ) due to these modes is
Rl(T ) = σl T
9 , (3.19)
σl =
Ω(4)kc
24
(
k
hc
)8
Γ(9) ζ(9) (πz)5 . (3.20)
Grouping the computed radiancy contributions one gets for the total blackbody energy
rate per unit area
R(T ) = σ
B
T 4 + σl T
9 , (3.21)
which is interpreted as the generalized Stefan-Boltzmann law for the M×S5 subspace.
The nature and validity of the preceding outcome is closely related to the temperature
of the blackbody in question. For low temperatures the obtained Stefan-Boltzmann law
generalization (3.21) reduces to its well-known form (3.12).
On the other side, for sufficiently high temperatures, T ≫ hc/kz, all considered di-
mensions match up on equal footing from the perspective of the actual irradiative pro-
cess. Then, the generalized Stefan-Boltzmann law takes on its higher-dimensional character
R(T ) = σl T
9, which agrees with the results in [36, 37].
To obtain the respective Wien’s law we write the total wavelength radiancy as
R(T, λ) = R0(T, λ) +Rl(T, λ) , (3.22)
where
R0(T, λ) =
2πhc2
λ5
(e
hc
kTλ − 1)
−1
, (3.23)
Rl(T, λ) =
Ω(4)hc
2
24λ10
(πz)5(e
hc
kTλ − 1)
−1
. (3.24)
Since for a given T there is a λm for whichR(T, λm) is maximum, through dR(T, λ)/dλ =
0 one obtains
1− e−hc/kTλm =
hc
kTλm
1 + ǫl(z, λm)
5 + 10 ǫl(z, λm)
, (3.25)
where ǫl(z, λ) = Rl(T, λ)/R0(T, λ) is defined as the corresponding wavelength radiancy
relative deviation,
ǫl(z, λ) =
4π
3
(πz
2λ
)5
. (3.26)
Eq.(3.25) is regarded as the generalized Wien’s law forM×S5 subspace, once it relates
the blackbody temperature T with the wavelength λm corresponding to the maximum value
of the total wavelength radiancy R(T, λ).
For wavelengths much larger than the conformal coordinate value, λm ≫ z, Eq. (3.25)
reduces to 1− e−x4 = x4/5 (x4 ≡ hc/kTλm), which implies the usual Wien’s displacement
law, namely λm T = 2.897 · 10
−3mK.
On the opposite limit, for λm ≪ z, Eq.(3.25) reduces to
1− e−x9 =
1
10
x9 ; x9 ≡
hc
kTλm
(3.27)
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where x
D
= W (−(D + 1)e−(D+1)) + D + 1, and W (y) is the Lambert function. This
yields λm T = x9 hc/k and the generalized Wien’s displacement law assumes its higher-
dimensional behavior.
4 The AdS5 × S
5 scenario
For the present case in which our spacetime is the full AdS5 × S
5, the considered electro-
magnetic fields must satisfy the equation
[
∂2z −
3
z
∂z + ∂
ν∂ν +
1
z2
∆S5
]
Aµ(x, θi, z) = 0 , (4.1)
whose solution is
Aµ(x,Θ, z) = Aµ eik·x Yl(Θ)Z(z) , (4.2)
such that the conformal dependence is
Z(z) = z2 (c1 Jl+2(κz) + c2Nl+2(κz)) , (4.3)
where Jm(x) and Nm(x) are respectively the Bessel and Neumann functions of order m.
The above pair of functions emerge as radial solutions to the Helmholtz and Laplace’s
equations in cylindrical coordinates, thus sharing similar properties. They are quite im-
portant for many problems, like the ones involving electromagnetic waves in cylindrical
waveguides and frequency-dependent friction in circular pipelines.
For integer m and x ∈ R, Jm(x) is finite at the origin x = 0 while Nm(x) is not.
Several properties of the Bessel (and Neumann) function are derivable from the following
remarkable definition,
Jm(x) =
1
π
∫ π
0
cos (x sin τ −mτ) dτ . (4.4)
Alternatively, one can work with its Taylor series expansion, α ∈ R,
Jα(x) =
∞∑
k=0
(−1)k
k! Γ(k + α+ 1)
(x
2
)2k+α
. (4.5)
While the Neumann function is suitably described by
Nα(x) =
Jα(x) cos(απ)− J−α(x)
sin(απ)
, (4.6)
valid for integer α as a limiting case.
Our motivation behind the introduction of boundary conditions in the present setup
is the Randall-Sundrum model [34] (with its subsequent modifications such as [35], where
bulk fields are considered) for which the space is an orbifold consisting of two glued portions
of the AdS5. To assure continuity of fields in its bulk one is led to Neumann boundary
conditions at its two interfaces.
Our choice for the Dirichlet boundary conditions at these interfaces is feasible since
we are going to sum over an infinite tower of modes and the difference between these
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two boundary conditions affect only the shape of the considered modes, but not their
corresponding wavelengths.
Setting a and b as the boundary conformal coordinates for which (4.3) matches Dirichlet
conditions, Z(a) = Z(b) = 0, determines the possible κ values that will fit into the spectral
relation derived from (4.1) and (4.2),
(2πν)2
c2
=
3∑
i=1
ni
2
(
π
Li
)2
+ κ2 . (4.7)
The equations concerning the Dirichlet conditions on the conformal coordinates a and
b
c1 Jl+2(κa) + c2Nl+2(κa) = 0 (4.8)
c1 Jl+2(κb) + c2Nl+2(κb) = 0 (4.9)
have non-trivial solution only if the determinant
Jl+2(κa)Nl+2(κb) − Jl+2(κb)Nl+2(κa) = 0 (4.10)
vanishes, thus providing the values for κ. They are hard to calculate, though. So we
abdicate the formal treatment in favor of a more useful approach.
The graphs of these cylindrical Jm(x) and Nm(x) functions look roughly like oscillating
sine or cosine decaying functions, with their roots asymptotically (large x) periodic. In fact,
for sufficiently high argument values
Jl+2(κz) ≈
√
2
πκz
cos
(
κz −
π
4
(2l + 5)
)
, (4.11)
Nl+2(κz) ≈
√
2
πκz
sin
(
κz −
π
4
(2l + 5)
)
, (4.12)
so we can reason that
κ (b− a) ≈ η π , η = 0, 1, 2, ... (4.13)
Then for each value of η there are δ ≈ 2 aη/(b− a) possible values for l, which grants
Dη degeneracies due to the possible lj values,
Dη =
δ∑
l=0
dl =
1
5!
(δ + 1)(δ + 2)(δ + 3)(δ + 4)(2δ + 5) . (4.14)
Analogously, since the M spatial and the AdS5 conformal contributions are not nec-
essarily of the same order of magnitude, one has
R(T ) =
c
2V

∑
η=0
+
∑
η 6=0

 hνiη
ehνiη/kT − 1
. (4.15)
Working out eq.(4.15) for η = 0 leads to the known blackbody relations, while the
η 6= 0 contribution gives
Rη(T )
.
=
c
2V
∑
η 6=0
Dη hν
ehν/kT − 1
(4.16)
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Note that the Dη degeneracies given by eq.(4.14) are related to the frequencies through
eq.(4.7). Considering the mean values of this dispersion relation we get
〈κ2〉 =
1
4
(
2πν
c
)2
, (4.17)
which allows the substitution Dη → Dη(ν) with κ = πν/c. Then, taking the sum by an
integral and considering just the Dη(ν) leading order contribution one gets
Rη(T ) =
∫ ∞
0
Rη(T, ν) dν (4.18)
with the corresponding spectral radiancy given by
Rη(T, ν) =
2
5!
(
2aν
c
)5 Ω(4) hc
2 c4
(b− a)
ν4
ehν/kT − 1
. (4.19)
Through the variable change y = hν/kT one gets
Rη(T ) =
Ω(4)
2 · 5!
hc (2a)6
c9
(
b
a
− 1
)(
kT
h
)10 ∫ ∞
0
y9
ey − 1
dy , (4.20)
and the radiancy contribution due to these modes is
Rη(T ) = ση T
10 , (4.21)
ση =
Ω(4)kc
2 · 5!
(
k
hc
)9
Γ(10) ζ(10) (2a)6
(
b
a
− 1
)
. (4.22)
Thus, the total blackbody energy rate per unit area is
R(T ) = σ
B
T 4 + ση T
10 , (4.23)
which is understood as the generalized Stefan-Boltzmann law for the AdS5×S
5 spacetime.
As before, for low temperatures the above generalization reduces to the well-known
Stefan-Boltzmann law, while for sufficiently high temperatures the generalized Stefan-
Boltzmann law takes on its higher-dimensional character R(T ) = ση T
10, in agreement
with [36, 37].
The generalized Wien’s law for the full AdS5 ×S
5 is deduced the same way as before.
For a given temperature T there is a λm for which R(T, λm) is maximum, namely
1− e−hc/kTλm =
hc
kTλm
1 + ǫη(λm)
5 + 11 ǫη(λm)
, (4.24)
where ǫη(λ) = Rη(T, λ)/R4(T, λ) is the respective wavelength radiancy relative deviation
ǫη(λ) =
π
2 · 5!
(
b
a
− 1
)(
2 a
λ
)6
. (4.25)
Then, for large wavelengths one gets out of (4.24) the usual Wien’s displacement law,
while for small wavelengths it reduces to its higher-dimensional behavior.
1− e−x10 =
x
10
11
; x
10
≡
hc
kTλm
. (4.26)
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5 Bounds on the conformal coordinate values and Graphs
According to precise measurements [41–45], the wavelength radiancy relative deviation,
ǫl,η(λ), shall be no greater than 1% ∼ 2% for λ
ℓ = 250nm at T ≈ 3000K. Which sets the
upper bound on the conformal coordinate of the M× S5 scenario at z
M
≈ 50 nm, with
similar limits for a and b on the AdS5 × S
5 spacetime.
The obtained Stefan-Boltzmann law generalizations (3.21) and (4.23) are plotted in
fig.(1) and compared with the standard prediction. For the considered bounds on z, a and
b the discrepancy between these functions is just noticeable for T > 104K.
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R
(T
)
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09
W
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2
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T (103K)
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AdS5 × S
5
Figure 1. Comparison between the generalized and conventional Stefan-Boltzmann laws for a
maximum deviation ǫl,η(λ
ℓ) of 1%.
The generalized Wien’s laws are confronted with the habitual prediction in fig.(2). The
graph depicts a clear higher-dimensional signature for λm < λ
ℓ, where (3.25) and (4.24)
departure from the usual behavior.
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Figure 2. Comparison between the generalized and usual Wien’s displacement laws, for a maximum
deviation ǫl,η(λ
ℓ) = 1%.
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Figure 3. AdS5×S
5 wavelength radiancy compared with the usualM spectrum for ǫl,η(λ
ℓ) = 1%
and T = 17, 75 · 103K.
The generalized AdS5×S
5 Wien’s law discloses a remarkable behavior on its tempera-
ture transition range. Its wavelength radiancy displayed in fig.(3) has two distinct maxima
separated by a minimum. This feature is accentuated in the temperature transition range
for smaller conformal coordinate values.
6 Conclusion and discussions
In this work we generalize the Blackbody Radiation Laws for the compelling AdS5 × S
5
spacetime. The temperature for which deviations in the blackbody radiation becomes
relevant is inversely proportional to the conformal coordinate values, (3.21) and (4.23),
while the wavelength for which deviations in the blackbody spectrum becomes important
is directly proportional to them, as noted in (3.26) and (4.25).
The additive aspect of the generalized Stefan-Boltzmann (3.21) (4.23) and Wien’s
displacement (3.25) (4.24) laws traces back to the temperature induced split structure
of (3.7) and (4.15), the key conceptual point of our approach [1]. Thus the blackbody
temperature sets up how the spacetime takes part on its radiative features.
Our approach yields the suitable higher-dimensional blackbody features in the high-
energy regime and is also compatible with our empirically presumed 4-dimensional space-
time, once it reproduces the observed Stefan-Boltzmann and Wien’s displacement law in
our ordinary energy scale. In the low energy scale, it is seen that AdS5×S
5 (bulk) spacetime
as well as its Minkowskian (brane) subspaceM×S5 behave effectively as anM manifold,
while in the high energy scale they behave effectively as M1,9 and M1,8 respectively.
Regarding the AdS/CFT correspondence, we would like to say a few words. It is
expected a relation between normalizable AdS5 × S
5 bulk fields and Yang-Mills (YM)
boundary operators. Since these are vectorial bulk fields (spin 1) the corresponding YM
operators should have the same spin. So, these operators represent spin 1 glueballs. It
is important to mention that since we imposed boundary conditions on the bulk fields at
z = a and z = b, with 0 < a < b <∞, the original conformal symmetry of the CFT theory
– 10 –
is broken, at least in this low energy regime. The high energy phase is obtained considering
the limits a→ 0 and b→∞, in which the conformal symmetry is restored.
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